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We consider the graphs that can be obtained by deleting in an i-triangulated 
graph G all the edges of an arbitrary matching A4 in G. These graphs will be called 
slender graphs and we prove that they are perfect. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Claude Berge [ 1 ] defined a graph to be perfect if for every induced sub- 
graph G’ of G the chromatic number of G’ equals the size of the largest 
clique of G’. A graph G is minimal imperfect if G itself is imperfect but each 
proper induced subgraph of G is perfect. The only known minimal imperfect 
graphs are the odd chordless cycles of length at least five and their com- 
plements. Berge conjectured that these are the only minimal imperfect 
graphs. This conjecture is the celebrated Strong Perfect Graph Conjecture 
(SPGC for short) and is still open. 
Meyniel [S] proved that minimal imperfect graphs cannot contain an 
even pair, i.e., two nodes such that every chordless chain with these nodes 
as endpoints has an even number of edges. If every induced subgraph of a 
graph G contains an even pair or else is a clique then we say that G is a 
strict quasi-parity graph; more generally if for every induced subgraph H of 
G which is not a clique either H or its complement has an even pair, then 
G is called a quasi-parity graph. Meyniel also proved that a graph G is 
perfect if each odd cycle with at least five nodes contains at least two 
chords [6]; nowadays such graphs are called Meyniel graphs. 
We say that two chords [x, z] and [y, t] of a cycle cross if the nodes 
x, y, z, t are in this order on the cycle. Gallai’ [3] proved that the graphs 
for which every odd cycle of length at least five has two non-crossing 
chords are perfect; nowadays such graphs are called i-triangulated graphs. 
An interesting question is what edges can be deleted in a perfect graph 
while keeping it perfect. Since every odd cycle with at least five nodes, in 
a Meyniel graph or in an i-triangulated graph, contains at least two chords, 
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the SPGC suggests that we could delete some edges in these graphs and 
keep them perfect. The graphs that can be obtained by deleting in a 
Meyniel graph G all the edges of an arbitrary induced subgraph G’ of G are 
called slim graphs. In [4] it is proved that any slim graph is perfect. 
We shall study here the graphs that can be obtained by deleting in an 
i-triangulated graph G all the edges of an arbitrary matching A4 in G. Such 
graphs will be called slender graphs and we prove that they are perfect. 
Notations 
Let G = (V, E) be a graph and A4 E E an arbitrary matching in G. We 
shall denote by: 
G the complement of G, 
X(G) the chromatic number of G, 
4G) the size of the largest clique in G, 
L(x) b/r?, Yl E EL 
ww the graph ( V, E - M), 
CX 0, a**, x,] a chain such that [xi, xi+,] E E for any i 
(O<i<k- l), 
cx 0, “‘, xk, x0] a cycle such that [x0, . . . . x,] is a chain and 
Cxo, x,1 E E. 
All graph theoretical terms not defined here can be found in C. Berge 
PI* 
2. SLENDER GRAPHS ARE PERFECT 
Let us consider a graph G = ( V, E) and A4 c E an arbitrary matching in 
G. If G is not an i-triangulated graph, G(M) = (V, E-M) may not be 
perfect since if G is not an i-triangulated graph, it must contain an odd 
cycle C with at least live nodes and without two non-crossing chords and 
by choosing for A4 all the chords of the cycle we get an odd chordless cycle 
in G(M). The purpose of this section is to prove that if G is an 
i-triangulated graph then G(M) is perfect. 
Let us define a new family of graphs. 
DEFINITION. H is called a slender graph if there exists an i-triangulated 
graph G = ( V, E) and a matching it4 s E such that H = G(M). 
A slender graph will always be denoted by G(M) where G = ( V, E) is an 
i-triangulated graph and MS E is a matching in G. 
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LEMMA 1. Slender graphs do not contain any odd chordless cycle with at 
least five nodes. 
Proox Let c= [xl, . . . . x2k+l, xi] (k > 1) be an odd chordless cycle in 
a slender graph G(M). If k = 2 then C is an odd cycle in G with live nodes 
and without two non-crossing chords which is a contradiction. So let us 
make an induction on k. For k > 2, we can assume that C contains at least 
two non-crossing chords in G. If C contains a chord m that is not a 
triangulated chord (i.e., a chord of the type [xi, xi+ 21) then n;2 breaks C 
into two chordless cycles in G(M- m); one of these cycles is odd with at 
least five nodes, which is impossible by our induction hypothesis. Now 
we can assume that every chord of C in G is triangulated. For any two 
non-crossing chords m, = [xi, xi+21 and m2 = [x~, xjt2] with i # j, 
c- {Xi+l, xj+l} is an odd chordless cycle with at least five nodes in 
G(A4 - {m, , m2 > ) which is impossible by our induction hypothesis. 1 
THEOREM. Slender graphs are perfect graphs. 
ProoJ: Assume the theorem is false. Let G and M be an i-triangulated 
graph and matching such that G(M) is an imperfect slender graph. 
Furthermore, choose G and M so that: 
(a) G has as few nodes as possible, 
(b) Given (a), M has as few edges as possible. 
Let Mi+i=M= (m,, . . . . mi+l > = {[xl, Y~I, --, Cxi+l, yi+ll} where the 
edges of M are ordered in such a way that if k < j then IrG(Xk) n 
rc( yk)l < lr,(xj) n r,( yj)l. Also let Mi = (ml, . . . . mi>. Now, by the mini- 
mality of M, G(Mi) is perfect. Furthermore, since any induced subgraph of 
a slender graph is slender, by the minimality of G, G(Mi+ 1) is minimal 
imperfect. 
Case (a) a( G(Mi)) = a( G(Mi+ I )). Since any colouring in G( Mi) is 
also a colouring in G(Mi+ 1) we have 
XCGCMi+ 1 )I G XtGtMi)) = o(G(Mi)) = o(G(Mi+ 1)). 
so XtGtMi+ 1)) must be equal to o( G( Mi + 1)) and G( Mi+ 1) cannot be 
minimal imperfect. 
Case (b) cc>(G(Mi)) = U(G(Mi+ I)) + 1. Let K be a clique of maximum 
cardinality in G(Mi). We have {xi+ 1, yi+ 1 } G K. If (x + 1, yi+ 1) is an even 
pair in G(M,+ 1) then G(Mi+ 1) cannot be minimal imperfect. So let us sup- 
Pose that Cxi+ 19 Yi+ 1) is not an even pair in G(M,+ 1) and let us consider 
a subset M’ E Mi with as few edges as possible and such that there is an 
odd chordless chain [Xi+ 1 E zo, zl, . . . . Z2k+ l z yi+ 11 in G(M’ u (mi+ 11). 
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Now [zo, . . . . z 2k + r, z,] is an even chordless cycle not only in G(M’) but 
in G too, since otherwise let [z,, z,] (1 d Y < s - 1 d 2k) be any edge in M’: 
- if s - Y is even then cz 0, “‘, z,, z,, “., z 2k+1, z,] is an odd 
cycle in G(M’- {[z,, z,]}) which is impossible by Lemma 1. 
chordless 
- if s - Y is odd then [zo, . . . . z,, z,, . . . . zzk + I ] is an odd chordless 
chain joining xi + I to yi+ 1 in G(M’ u {mi+ i) - ([z,, z,] )) which contra- 
dicts the minimality of M’. 
Let w  be any node adjacent to xi+ 1 and yi + 1. Such a node exists since 
otherwise we would have co(G(Mi+ i)) = co(G(Mi)) ( = 2). We have: 
- [w, Zj] E E for any index j since otherwise [zo, . . . . z2k + i, w, z,] 
would contain an odd cycle without two non-crossing chords in G. 
- [w, zj] E Mi for at most one index j since Mi is a matching. 
If [w,z,]EE-Mi+l for any wEK then K- (yi+l} u {zr> is a clique in 
G( Mi+ 1) of cardinality O( G( Mi)), which is a contradiction. So let w  be any 
node in K such that [w, z,] EMi. Now z,E~,(w) n rG(zI) but 
z2 $rc(xi+ 1) n rG(yi+ i). Thus, because of the way in which the edges of 
A4 are ordered, there must exist some node w’ such that w’ E rG(.xi+ 1) n 
rG(Yi+ 1) but w’ + TG(w) n rC(zl 1. 
Since W’E rc(Xi+l) n rG(yi+l) we have seen that [w’, z,] E E; so 
b’, Wl$E. We have [z2, Z2k+l] and [z,, w’] in E since otherwise 
czl, w’, Z2k+l, w, z2, z1 ] would be an odd cycle without two non-crossing 
chords in G. SO 2k + 1 = 3 and [xi + i, zi , z2, yi + 1] is an induced chordless 
chain on four nodes in G(Mi+ I ). 
Up to this point, looking in G(Mi+ i) rather than in G(Mi+,), we have 
built an even chordless chain [z,, xi+ i , yi+ 1, z, , w] for which the edges 
alternate between E (the complement of E) and Mi+ 1. Let us consider such 
alternating even chordless chains [a,, . . . . a,,] (r > 2) in G(Mi+ 1) with: 
- a,-z,, a,=Xi+l, a2=yi+l, a3-zzl, a,=w; 
- [a,,a,+,]#Eand [a,+i,a,+2]EMi+i for any even index s>O; 
- a, E K for any even index s > 2. 
Let us choose such an alternating even chordless chain A = [a,, . . . . a,,] 
with index Y as great as possible. We shall prove now that (a2r- 1, a2r) is 
an even pair in G( Mi+ 1). 
Let us suppose that there exists an odd chordless chain C = [co = aIr- 1, 
. . . . Cam+ I = a,,] joining a2r- 1 to a2r in G(Mi+i). Note that ci 4 K since 
[c,, a,,] 4 E. We show first that [c,, a,] E E for any index u such that 
0 6 u < 2r. Let us suppose that this is not true and let u be the greatest 
index such that [cl, a,] # E (0 < u < 2r - 1). 
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- If u < 2r - 2 then [a,,, a,, a2r- 1, cl, a2r-2, a,,] is an odd cycle 
without two non-crossing chords in G. 
- If u=2r-2 then [c,,x~+~]$E since otherwise [z2,a2r-1,c1, 
xi+l9 a2r _ 2, z,] would be an odd cycle without two non-crossing chords in 
G; but now C u {xi+ 1 > contains an odd cycle without two non-crossing 
chords in G. 
So [cl, a,]EE for any index u such that O<u<2r. 
Let us consider now any node u E K not included in the alternating chain 
A. We have [v, c,] E E since otherwise [a2,-l, a2r, v, a2r-2, cl, a2r-1] 
would be an odd cycle without two non-crossing chords in G. Now v is 
linked to every a, (U 6 2r) since otherwise either [c,, a,, a2r, v, a,- 1, c,] 
(if 2<u<2r) or [C1,a,~z,,a,,,v,xi+,, c,] (if u=O) would be an odd 
cycle without two non-crossing chords in G. If [v, c,] E Mi+ 1 then 
Ca 0, -se, a2r, c~, v] is an alternating even chordless chain in G(M,+ i) with 
Ca2r, cIl 4 E, Cc17 vl EMi+l9 and v E K, contradicting the maximality of A. 
SO [Vy Cl] E E-Mi+l and now K- {as/s evena2) u (as/s odd>3} u 
( c1 > is a clique in G(Mi+ 1) of cardinality Cr)( G(Mi)) which is a contra- 
diction. 
We can conclude that (a2r _ 1, a2r) is an even pair in G(Mi+ 1); this 
contradicts the fact that G(Mi+ i) is minimal imperfect. 1 
3. FINAL REMARKS 
There are slender graphs which have no even pair. For example c6 (the 
complement of a chordless cycle on six nodes) has no even pair but is a 
slender graph since by choosing for G the i-triangulated graph of Fig. 1 and 
for A4 the set {[l, 61, [2,3], [4, 5]}, we have G(M) = c. 
Parity graphs were introduced by Olaru and Sachs [7]; these graphs are 
characterized by the following property: 
any odd cycle of length at least five has at least two crossing chords. 
1 4 
3 6 
FIGURE 1 
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FIGURE 2 
Obviously every parity graph is a Meyniel graph. There is no inclusion 
relation between Meyniel graphs or parity graphs and slender graphs since 
p, (the complement of a chordless chain on five nodes) is slender but not 
Meyniel, and the graph in Fig. 2 is a parity graph which is not slender. 
Since c6 is a slender graph, we know that the class of slender graphs is 
not contained in the class of strict quasi-parity graphs. But it is an open 
question whether slender graphs are quasi-parity graphs. 
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